The mapping class group and the Meyer function for 

plane curves 



Yusuke Kuno 



Abstract 

For each d > 2, the mapping class group for plane curves of degree d will be 
defined and it is proved that there exists uniquely the Meyer function on this group. 
In the case of d = 4, using our Meyer function, we can define the local signature for 4- 
dimensional fiber spaces whose general fibers are non-hyperelliptic compact Riemann 
surfaces of genus 3. Some computations of our local signature will be given. 

Introduction. 

Let T,g be a closed oriented C°°-surface of genus g > and let Tg be tlie mapping class group 
of Tig, namely the group of all isotopy classes of orientation preserving diffeomorphisms of 

In [I2] W. Meyer discovered and studied a cocycle Tg-. Tg x Tg Z. For the sake of 
the reader a brief definition of Tg will be given in Appendix. This cocycle is called Meyer's 
signature cocycle. In his paper W. Meyer showed that the cohomology class [Tg] G H'^{Tg\ Z) 
is torsion for g = 1,2 and has infinite order for > 3, and gave an explicit formula for 
the unique Q- valued 1-cochain of Fi cobounding ri using the Rademacher function ([12] 
p. 259 Satz 4). Since the hyperelliptic mapping class group F^, a subgroup of F^, was 
shown to be Q-acyclic by F. Cohen[5] and N. Kawazumi[9| independently, it was known 
to specialists that there exists the unique 1-cochain of F^ cobounding Tg restricted to 
F^. In [7] H. Endo directly showed the existence and the uniqueness of such a 1-cochain 
(pg. T^ — »• 2^^^ using a finite presentation of F^ by J. Birman-H. Hilden[3]. He also 
defined the local signature for hyperelhptic fibrations using 0^, and studied the geometry 
of hyperelliptic fibrations; for example, he derived a signature formula for such fibrations 
over a closed surface. His formula originates from Y. Matsumoto[ll, Theorem 3.3] where 
genus 2 fibrations are discussed. For the study of the function 0^, see also T. Morifuji's 
paper [13j. 

The purpose of the present paper is to give another interesting example of these phe- 
nomena; the Meyer function on the mapping class group for plane curves. 

For d > 2 a group T\.{d) and a homomorphism p: T\.{d) — > Fg,where g = ^{d — l){d~2), 
will be constructed. The group Tl{d) can be considered as the fundamental group of the 
classifying space for isotopy classes of continuous families of non-singular plane curves of 
degree d; the precise meaning of this statement will be given in Theorem 16.11 later. 

The main results of this paper are Theorem 14.11 and Theorem 14.21 As a consequence of 
them it follows that the pull back p*[Tg] vanishes in the rational cohomology H'^{Tl{d);Q) 
and there exists the unique 1-cochain cj)'^: Tl{d) —>■ Q such that 6(f)'^ = p*Tg. (p'^ will be called 
the Meyer function for plane curves of degree d. 
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This is similar to the case of Ti, and T^, but we remark that the homomorphism 
p seems no more injective nor surjective. In fact, for ci = 4 we will see in Proposition 16.31 
that p is surjective but has non-trivial kernels. In this sense our result is different from the 
works of W. Meyer and H. Endo where subgroups of Tg are considered. 

While they did explicit computations of Tg for certain relators of the mapping class 
groups to prove the vanishing of [Tg], our method depends on the vanishing of [Tg] pulled 
back to the cohomology of a fundamental group of the complement of a hypersurface in 
a complex vector space, which will be stated in Proposition 13.11 and proved using the 
definition of Meyer's signature cocycle and the standard argument in differential topology; 
the way from Proposition 13.11 to the vanishing of [Tg] pulled back to H"^ {11(d); Q) are 
elementary. Since this needs no explicit computations of Tg, we believe that our method 
has its own meaning to grasp the conceptual reason of the vanishing of [Tg] and can be 
applied to other cases in the future. 

Our study of the vanishing of p*[Tg] G {11(d); Q) has a connection with localization 
of the signature of 4-dimensional fiber spaces, that is a recent hot topic studied in various 
fields such as topology, algebraic geometry, and complex analysis (see T. Ashikaga-H. 
Endo[lj and T. Ashikaga-K. Konno^). 

As an application of our study, especially d = 4, we define the local signature for the set 
of all fiber germs of 4-dimensional fiber spaces whose general fibers are non-hyperelliptic 
compact Riemann surfaces of genus 3 by using our 1-cochain 0^ of 11(4). The fact that any 
non-hyperelliptic compact Riemann surface of genus 3 can be realized as a smooth quartic 
curve in by the canonical embedding, is crucial. 

In this case of non-hyperelliptic family of genus 3, T. Ashikaga-K. Konno [2] and K. 
Yoshikawa [I5] have already defined local signature independently. The definition of [2] 
is algebro geometric and that of [15] is complex analytic. We compute some examples of 
values of our local signature, defined by topological way, and observe that they coincide 
with those computed in [2\ and [15j . 

1 Definitions 

Throughout this paper, d denotes a fixed integer > 2. Let be the complex vector space of 
homogeneous polynomials of degree d in the determinates x,y, and z, and let F{d) = FCV^) 
be the projectivization of V'''. By taking the set of monomials of degree 

d, where = ^{d + 2){d + 1) — 1, each element of can be uniquely written as the form 

N 
k=0 

where G C. We denote the corresponding homogeneous coordinates ofF{d) by [ao : ai : ■ ■ ■ : Qn]- 
Each element a G F{d) determines an algebraic curve Ca C of degree d. Later we also 
denote by Cp the algebraic curve defined by F G \ {0}. We believe this use of no- 
tation does not confuse the reader. Let D be the set of points a G F{d) such that the 
corresponding curve Ca is singular. D is called the discriminant locus and is well-known 
to be irreducible and of codimension 1. For a proof, see also the remark after the proof of 
Proposition 12.11 in this paper. 

There is an action of GL{3; C) on given by 

{A-F){x,y,z) = F{{x,y,z)-'A-'), 
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where A G GL{3; C) and F G V^. Here *A is the transpose of the matrix A. This action 
induces the action of PGL{3) on P(rf), D, and P((i) \ D. 

Let EPGL{3) BPGL{3) be the universal principal PGL{3) bundle. We denote by 
n((i) the fundamental group of the Borel construction {¥{d)\D) pgl{3) = EPGL{3) x pgl(3) 
(P((i) \ D) and call this group the mapping class group for plane curves of degree d. 

For (e, a) G EPGL{3) x (P(rf) \ D), we denote by [e, a] the element of (P(d) \ D)pgl{3) 
represented by (e,a). This notation concerning Borel construction will be used several 
times. 

Let (resp. JF) be the hypersurface in F{d) x P^ (resp. (P((i) \ D) x P^) defined 
as the zero set of $ considered as a bi-homogeneous polynomial in oq, . . . , and x, 2. 
Then the restriction of the first projection p: F{d) \ D is a family of non-singular 

plane curves of degree d whose fiber over a G F{d) \ D is Ga- Since the diagonal action 
of PGL{3) on F{d) x P^ preserves J-' and p is PGL (3)-equivariant, we have a family of 
Riemann surfaces pu'. J^pgl{3) ~^ {^{d) \ -D)pgl(3)- We denote the topological monodromy 
(see Appendix) of this family by p: 11(d) Tg, where g = j{d — l){d — 2). Note that the 
genus of a non-singular plane curve of degree d is given by ^{d — l){d — 2). 

In section 4 we will prove that the rational cohomology class p*[Tg] G H"^ {11(d)] Q) 
vanishes and compute the abelianization of Il{d). In section 6 we will prove that the space 
(f'{d)\D)pGL{3) is the classifying space of the set of all isotopy classes of continuous families 
of non-singular plane curves of degree d. 

2 The discriminant locus 

In this section we investigate the discriminant locus D, which also can be described in 
terms of dual variety as follows. For generality of dual variety, see [8] or [10]. Let P((i)^ 
be the dual projective space of F{d), i.e., the space of all hyperplanes of F{d). We denote 
by a^: ■ ■ ■ : a^] the homogeneous coordinates of P((i)^ corresponding to the homoge- 
neous coordinates [ao : ai : ■ ■ ■ : a^] of F{d); a = [a'^ : : ■ ■ ■ : a^] is the hypersurface of 
F{d) defined by 

a°ao + a^ai + ■ ■ ■ + a^a^ = 0. 
The Veronese embedding f : P^ — P((i)^ is defined by 

V{[X: y:z]) = [xmymm^niO) ..... xWym{N)^n{N)^_ 

Since the dual of P((i)^ is canonically isomorphic to F{d), each element a G F{d) determines 
the hypersurface of P((i)^ which we denote by Ha- We set 

X' := {(a, a) G F{d) x P(rf)^ ; a G t;(P^) and Ha is tangent to f (P^) at a} . 

Then the image of X' by the first projection is just D, i.e., D is the dual variety of f (P^). 
Let X be the analytic subset of F{d) x P^ defined by the equations 

$ = $^ = $y = $^ = 0, 

where $x is the partial derivative of $ with respect to x, etc. Thus if {a,p) is a point of X, 
then a is a point of D and p is a singular point of Ga- Then we see that X —> X', {a,p) i— *• 
{a,v{p)) is an isomorphism. X' has the structure of fiber bundle over f(P^) whose fiber 
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over a G f (P^) is the set of all hyperplanes in X' tangent to f (P^) at a, which is isomorphic 
to a (A^ — 3)-dimensional projective space. From this point of view it is clear that X is 
non-singular (see also [8jp.30), but for later consideration we give here an alternative proof 
using coordinate description. 

Proposition 2.1. X is non- singular. 

Proof. Let (a°, [xq : i/q : zq]) be a point of X. We will show X is non-singular at this point. 
Since the action of PGL{3) on F{d) x P^ preserves X, we may assume that [xq: z/q: Zq] = 
[0: 0: 1]. Take a polynomial representative F G of a°, then the coefficient of z'^ of F is 
zero because [0 : : 1] G CaO . Moreover, F cannot be written as the form 

F= {ax + f3y)z'^-\ 

where ^ (0,0) because [0: 0: 1] is a singular point of CqO. Therefore there is a 

monomial x^^^^ y'^'^^^ z'^^'^'> which is different from 2;^^, xz*^"^, and yz'^~^ such that the coef- 
ficient of x^'^'^^i/'"^^)^"^'^) of F is not zero. By a rearrangement of indices we may assume 
that k = and ai, 02 , and 03 correspond to monomials z"^, xz'^~^, and yz'^~^, respectively. 
Then setting = 1 and 2; = 1, we have an inhomogeneous coordinates {ai, ... ,aN,x,y) of 
F{d) X P^ near (a°, [0 : : 1]). In this local coordinate system X is defined by the equations 

^ = = = 0, 

where \1/ = $(1, oi, . . . , qn, x, y, 1). 

Now the Jacobian matrix of (\&, "^x, ^y) at (a°, [0:0: 1]) is 



J 







^ as 


■■ ^x 


^y 








■■ "^xx 


^xy 










"^yy 


1 


■■■ 





' \ 




1 


■■■ 


"^xx 


"^xy 







1 ■■■ 





^yy J 





we see that the rank of J is 3. This shows that X is non-singular at (a°, [0:0:1]). □ 

Let TT : X —>■ D G F{d) be the first projection. The above proof shows that {a^, [0:0: 1]) 
is a regular point of vr if and only if 

det ( ^0 ^ 

V "^yx "^yy J ^ 

at (a°, [0: 0: 1]). By an argument like the Morse lemma, we can take a coordinate system 
(X, Y) of P^ centered at [0 : : 1] such that C^o is locally given by the equation X'^ + Y'^ = 0. 
Thus [0 : : 1] is a nodal singularity. This holds for other points of X; (a, p) G X is a. regular 
point of vr if and only if p is a nodal singularity of Ca- 

Let E be the union of singular points of D and the vr-image of critical points of vr. E 
is a proper analytic subset of D by Sard's theorem. 

Here we give a short proof that D is irreducible and of codimension 1. At first, X = X' 
is non-singular and connected hence irreducible. Therefore, D = n^X) is also irreducible. 
On the other hand D is at most N — 1 dimensional because D is a proper analytic subset 
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-1/ 



Then D is 



of F{d). Let a be a point of D \ E and take a point (a,p) in the fiber it 
smooth around a and the differential of tt at {a,p) is of maximal rank — 1. This shows 
D is indeed — 1 dimensional. Note that E is at most N — 2 dimensional. 

In the next lemma we shall describe the hyperplane of F{d) tangent to D at a point in 
D\E. 

Lemma 2.2. Let (a°, [xq: y^: zq\) be a point of X and suppose that & D\E. Then the 
hyperplane TaO tangent to D at a° is given by 



N 



l{k) m{k) n{k) 











fc=0 



Moreover, [xq : y^ : Zq] is the unique singular point of CaP . 

Proof. To prove the first part, we may assume a^ = zq = 1 and take an inhomogeneous coor- 
dinate system (ai, . . . , Oat, x, y) of ¥{d) x near (a°, [xq : : !])• Since a° is a non-singular 
point of D and (a°, [xq : y^: 1]) is a. regular point of vr, we have TaoD = 7i*(T(^aO,[xo: yo-. i])'^)) 
where vr^ : T(^aO,[xo: yo- ^ ^'^) ~^ TaoF{d) is the differential of the first projection 
fr: F{d) x P^ — > F{d) and we regard T(^aO,[xo: yo-- 1])^ (resp. TapD) as the subspace of 
V,[x.o: ,o: X P') (resp. T,oP(d)). 

Now the Jacobian matrix J appeared in the proof of Proposition 12.11 has the form 







_ HN) m(N) ^ 

•^0 yo 







* 


* ^xx 








* "^yx 





at (a°, [xq: yo - !])• The rank of this matrix is 3, because det 




yy 



^ at 



a°, [xq: 2/0- 1]) hy ^ E and there is an index i such that x^^^y^^^^ ^ 0. 



Therefore 



AT 



oak ox oy 





( ^ 




J 








\ J 





and 



TaoD = n^{T(^aO,[xo: yo'- l])^) 



N r, N 

\ ^ ^ O \ ^ £(fc) m(fc) 







Jc=l fc=l 

Interpretting this equation in terms of homogeneous coordinates of F{d), we obtain the 
desired description of T^o. The latter statement of the lemma follows from the form of T„o 
just proved and the injectivity of the Veronese embedding. □ 

Combining the remark after the proof of Proposition 12. 1^ we can say more about the 
curve Cqo: 

Lemma 2.3. Let a^ E D \ E and [xq: yo: zq] be as in Lemma \2.Si Then [xq: yo'- zq] is 
a nodal singularity of CaO, and C^o is irreducible except for d = 2. Thus if d > 3 the 
topological type of CaO is Lefschetz singular fiber of type I, that is obtained by pinching a 
non- separating simple closed curve on Eg into a point. 
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Proof. We only have to show the irreducibihty of C^o for (i > 3. If C^o is reducible it 
has two irreducible components Ci and C2 with degrees di and d2, and they intersect 
transversely at one point. We have did2 = 1 by Bezout's theorem, but this contradicts to 
di + d2 = d>3. □ 

The projective space F{d) can be regarded as the set of all complex lines through the 
origin m V^. Let D (resp. E) be the union of all lines in D (resp. E). In the coordinate 
system (ao, . . . , aj^) of the tangent space of Z) at F G -D \ -E is given by 

N N 

O 



. fc=0 A;=0 

where [xq: yo'- zq] is the singular point of Cp- This follows from Lemma [2.21 

We shall prove a useful lemma which will be used in the next two sections. Let JF be 
the family of algebraic curves over \ {0} defined as in the case of over F{d). 

Lemma 2.4. Let B be a -manifold of dimension s > 2 and j : B ^ a C^-map 
such that j{B) G \ E and j is transverse to D. Then the total space j*T of the pull 
hack of the family T by j is a C°° -manifold. 

Proof. j*J-' is given by 

f^={{b,p)eBxF' ; ^J{b),p) = 0} 

and it is easy to see that if (&°,Po) ^ j*^ and po is a smooth point of Cj(feO) then j*jF is 
smooth at {W,Pq). 

Suppose (&°,Po) £ j*^ and pq = [xq: y^: zq] is the singular point of Cj^y-ry Note that 
we have j{lP) E D\E. Let (jo, ji, • • • , Jtv) denote the + 1-tuples of smooth functions on 
B determined by j and the coordinate system {ao,ai, . . . ,0^) of V^. By the assumption 
of transversality and the description of Tj(i,o-^D given above, we can choose a suitable local 
coordinate system (61, ... , bg) of B around 60 such that complex numbers 



Nr.. ^ a- 

/,0n i{k) m(k) n(k) , \ ^ OJ 



mik) nlk] i mik) nlk) 

Qf(^ )^o Vo ^0 and Qfi^ )^o Vo " 

k=Q ^ k=0 ^ 







are linearly independent over the real numbers. From this we can conclude that is 
smooth at (6°,po)- This completes the proof. □ 

We remark that in holomorphic category one can say more; if i? is a complex manifold of 
complex dimension > 1 and j is holomorphic, j*J-' has a complex structure as a hypersurface 
in S X P2. 



3 The 1-cochain of 7ri(y^ \ D) 

Let Xi '■ T^iiV^ \^) ^ 7ri(P((i) \ D) be the homomorphism induced by the projection map 
\ D —>■ F{d) \ D and let X2'- 7ri(P((i) \ D) ^ Il{d) be the homomorphism induced by 
the inclusion map F{d) \ D ^ {^{d) \ D)pGL{3),(i ^ [^o^o] where Cq is the base point of 
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EPGL{3). We set x '■= X2°Xi and p := pox- Then p: T:i{y'^\D) Tg is the topological 
monodromy of the family over V'^\D defined as in the case of JF ^ F{d) \ D. 

In this section, we shall construct a 1-cochain c: iri^V^ \ D) Z and prove that 
6c = p*Tg. The key is that \ E is 2-connected, which follows from the fact that the 
complex codimension of E' in V^"^ is > 2. All of the spaces that we consider in this section 
as well as all of the maps are based. 

We regard the circle as the boundary of the unit disk in M^. has the natural 
orientation induced by that of M? and this induces the orientation of by counter clockwise 
manner. Let i: —>■ \ D he a C°°-map. Since \ ii^ is simply connected we can 
extend £ to a C°°-map i: \ E. We may assume that ^ is transverse to D. 

By Lemma 12.41 tj^ is a compact 4-dimensional C°°-manifold with boundary and has the 
natural orientation induced by the orientation of and that of the fibers, which have the 
natural orientations as compact Riemann surfaces. Set 

cm := Sign(r^), 

where [£] denotes the element of Tiiiy^ \ D) represented by £ and the right hand side is the 
signature of tJ^. 

Proposition 3.1. The above definition of c is well defined and 5c = p*Tg, i.e., c is a 
cobounding cochain for p*Tg. 

Proof. We first show that c is well defined. Let io and £i are C°°-maps from to \ D, 
and suppose that they represent the same element of ttiIV^ \ D). Then there exists a 
C°°-homotopy H : x [0,1] ^ \ D such that H{-, 0) = io and H{-, 1) = i^. 

Regard the 2-sphere S*^ as the annulus S"^ x [0, 1] with two copies of attached along 
its two boundary circles x {0} and x {!}. We denote by Dq one of copies of 
attached to 5*^ x {0} and Df the other. Using some extensions Df —>■ \ E of ii for 
i = and 1, H extends to a C°°-map H : S"^ ^ \ E. We introduce the orientation 
of S"^ so that the inclusion ^ S"^ is orientation preserving. Thus the other inclusion 
D\ "-^ S"^ is orientation reversing. 

Since tt2{V'^ \ E) = 0, we can extend H to a C°°-map H: ^ \ E transverse 
to D \ E. Then II* J-' is a C°°-manifold with boundary II*J-'. Since the signature of the 
boundary of a manifold is zero, we have by the Novikov additivity of the signature 

Sign(A,*.F) - Sign(£i*^) = 0, 

so c is well defined. 

We next show the latter part. Let io and ii be C°°-maps from to \ D . We will 
show 

c(N) + cm) - cmm) = ~P*rm, lii]). (i) 

Let P denote the pair of pants; this is the 2-sphere S"^ with the interior of the three disjoint 
closed disks removed. We also choose two of three boundary components of P and denote 
them by Sq and Si, respectively. Sq and Si have the natural orientations induced by 
that of P and can be naturally identified with 5*^. Since P has the homotopy type of the 
bouquet 5^ V 5*^, we can construct a C°°-map L : P ^ \ D such that the restriction of 
L to Sq (resp. Si) are exactly same as Eq (resp. ii). 



7 



We notice that the restriction of L to the remaining boundary component of P with 
the natural orientation is homotopic to the inverse of the composition loop i'o ■ ^i- We also 
have Sign(L*J^) = —p*Tg{[£o], [£i]) by the definition of Meyer's signature cocycle Tg. Using 

some extensions ii of ii for i = and 1, and an extension ■ ii of Eq ■ ii, L extends to a 
C°°-map L : S"^ —>■ \ E . Moreover L extends to a map L : —>■ \ E transverse to 
D. We have Sign(L*jF) = since L*JF is the boundary of L*JF hence we obtain by the 
Novikov additivity 

= Sign(L*^) = Sign(4*^) + Sign(£7^) - Sign(V^*^) + Sign(L*^), 
that is just the equation ([1]). □ 



4 Main theorems 

In this section we shall state and prove the main results of this paper. In section 1 we 
defined the group n((i) and the homomorphism p: Il{d) — >■ Tg. 

Theorem 4.1. p*[Tg] = G H^(JI{d)]Q). 

Theorem 4.2. The first homology group ofIl{d) is given as follows: 



H,{U{d);Z) 



Z/3(rf-l)2Z ifrf = 0mod3, 
Z/{d-lfZ if = 1 or 2 mod 3. 



In particular, we have {11(d); Q) = 0. 

As an immediate consequence of these theorems, it follows that there exists the unique 
1-cochain 0*^: Il{d) Q such that 5(j)'^ = p*Tg. We will call (p'^ the Meyer function for 
plane curves of degree d. 

The rest of this section will be devoted to the proof of these theorems. In Proposition 
Owe have showed that p*[Tg] = G H^iniiV^ \D);Z). Thus Theorem E] follows from 
the following: 

Lemma 4.3. The homomorphism 

X* ■■ H\Uidy,Q) ^ H\7r,{V'\Dy,Q) 
induced by x, introduced in section 3, is injective. 

Proof. Recall that x is the composition of xi and X2- We first consider xi- Let ^ G 
H^{F{d);Q) denote the first Chern class of the principal C* bundle V^XiO} F{d). Then 
the restriction of ^ to F{d) \ D is zero, for the first Chern class Ci([D]) G H'^(P{d); Q) of 
the line bundle [D] determined by the divisor D of F{d) is a multiple of ^ and of course 
the restriction of ci([Z)]) to F{d) \D is zero. 
By the Gysin sequence 

H°iF{d) \D;Q)^ H\F{d) \D;Q)^ H^{V^ \ D; Q) 
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of the principal C* bundle ^ F{d)\D we see that H^{F{d)\D; Q) H'^(y'^\D; Q) 

is inject ive. Therefore 

Xl : H\7,,{¥{d) \ D); Q) - H^T^.iV' \ 5); Q) 

is also injective. 

We next consider X2- By the homotopy exact sequence of the P((i) \ D bundle (P((i) \ 
D)pGL(3) BPGL{3), [e,a] zxj^e) where zu denotes the projection map EPGL{3) 
BPGL{3), we have an exact sequence 

Z/3Z = TT2iBPGL{3)) 7ri(P(d) \ D) ^ U{d) 1. (2) 

This implies that 

X; : H^Uid); Q) ^ H^n^md) \ D); Q) 
is isomorphic. Since X* = Xi° X*2i lemma follows. □ 

We next proceed to Theorem 14.21 In the following we consider (co)homology with 
coefficients in Z. We need the following two lemmas: 

Lemma 4.4. Leta^ G F{d)\D and denote byF the set of all projective lines inF{d) through 
a°. Then there exist a non-empty Zariski open subset U gF such that each element of U 
does not meet E and is transverse to D. 

Proof. Consider the projection with center a° 

/: D — s> P, /(a) = the line through a° and a. 

Note that for a G D\E, f is critical at a if and only if /(a) is contained in the hyperplane 
Ta appeared in Lemma [2.21 namely /(a) is not transverse to D at a. 

P is a (A^ — l)-dimensional projective space and f{E) is a proper algebraic set in P 
since dimii^ < — 2. Let K denote the set of all critical values of / o vr: A" ^ P. K 
contains all critical values of f\D\E since 7^\tt-'1{d\e) • vr~^(D \ E) —>■ D\E is biholomorphic 
by Lemma 12.21 and is algebraic and proper because K is nowhere dense in P by Sard's 
theorem. Therefore if we set 

U:=F\ifiE)UK), 

U has the desired property. □ 

Lemma 4.5. Let a° and U he as in Lemma \4-4\ P^r each Q E U the invariants of the 
complex surface M = {(a,p) G Q x P^ ; p G Gg} is given as follows: 

cl{M) = -d^ + 9, C2(M) = rf^ + 3, Sign(M) = l-d'^. 

Proof. Since Q = P^ we can regard M as a smooth hypersurface in P^ x P^ determined 
by a {l,d) homogeneous polynomial. For i = 1 and i = 2 respectively, we denote by G 
/f2(pi X p2; Z) the pull back of the first Chern class of by H^(F'; Z) H^iF^ x P^; Z) 
induced by the projection P^ x P^ ^ P*. Here 0{1) denotes the dual of the tautological 
line bundle over P* . The first Chern class of the line bundle [M] determined by the divisor 
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M of X is Ci([M]) = ^1 + d^2- Therefore by the adjunction formula, the first Chern 
class of M is 

ci(M) = (ci(pi xp2)-ci([M]))|M 



(26 + 36 -(6 + ^6)) 



M 



\M- 



= (ei + (3-rf)6) 

Then the Chern number c{{M) is computed as follows: 

cl{M) = {c^iM'f,^^M) 

= ((6 + (3-d)6)'ci([M]),/ipi,p2) 

= ((6 + (3-rf)6)'(ei + c?e2),/ipixp2) 

= -(f + 9. 

Here /im (resp. /xpixpa) denotes the fundamental homology class of M (resp. P^ x P^) 
and (— , — ) denotes the Kronecker pairing between cohomology and homology. We next 
compute C2(M). Again by the adjunction formula, the second Chern class of M is 

C2(M) = C2{F' xF^)\m-c,{M)-c,{[M])\m 



(36' + 666 - (6 + (3 - 1^)6)(6 + d^2)) 



M 



\M, 



= (366 + (rf'-3rf + 3)6') 

and the Chern number which will also be denoted by C2(M) is 

C2(M) = (c2(M),^m) 

= ((366 + (d^ - 3rf + 3)6')ci([M]),/xpixp2) 
= ((366 + (d^ - 3rf + 3)6') (6 + ci6), /^pixp^) 

= (((i^ + 3)6^^2 5 /^Pixpa) 

Finally by the Hirzebruch signature theorem we have Sign(M) = |(c^(M) — 2c2(M)) = 
l-d\ □ 

Let a° and Q G t/ be as in Lemma 14.51 Using the above two lemmas we can compute 
the first homology group of 7ri(P(c?) \ D): 

Proposition 4.6. /Ji(7ri(P(rf) \ D); Z) = Z/3(d - ifZ. 

Proof. The first projection g: M ^ Q is a family of algebraic curves, whose all singular 
fibers are of type I by Lemma [2131 Since the Euler contribution (see |l]p.ll8, (11.4)Propo- 
sition) of a singular fiber of type I is +1, the number of singular fibers of g: M ^ Q = F^ 
is 

C2(M) - 2(2 - 2^) = + 3 - 2 1^2 - 2 ■ i(rf - l){d - 2)^ = 3{d - 1)^. (3) 

Now consider the following commutative diagram: 

Z ^ H^iFid)) H2{F{d),F{d) \ D) i/i(P(rf) \ D) 



H^'^'^F^d)) ^ H^^-\D) = Z. 
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Here the vertical isomorphisms are Poincare duahty and the first horizontal sequence is 
a part of the homology exact sequence of the pair (P((i),P((i) \ D), and l* is induced 
by the inclusion D ^ F{d). For a generator of H2{F{d)) we can choose [Q]. We can 
conclude this generator is mapped to 3((i— 1)^ times a generator of H'^^~'^{D) in the above 
diagram, because ^ shows that Q and D intersect transversally in 3((i — 1)^ points. This 
completes the proof, since Hi{¥{d)\D) = Hi{7ii{F{d)\D)] Z) is isomorphic to the cokernel 
of H2iF{d)) ^ if2(F(rf), P(rf) \D). □ 

Now we start the proof of Theorem 14. 2[ Let Fq & \ D he a. base point and a° the 
image of Fq under the map \ D F{d) \ D. We consider the maps A: GL(3; C) — > 
V'^ \ 5, A ^^ A ■ Fo and A: PGL{3) F{d) \D,A ^^ A - Since the isomorphism 
n2{BPGL{3)) = -Ki{PGL{?))) induced by the homotopy exact sequence of the universal 
PGL(3) bundle EPGL{3) BPGL{3) is compatible with ^ and A,: 7ri(PGL(3)) ^ 
7ri(P((i) \ -D), we have an exact sequence of group homology 

Z/3Z = iJi(7ri(PGL(3))) h iJi(7ri(P(d) \ D)) = Z/3(rf - ifZ Hi(n{d)) 0. 

Therefore we must compute the map A* to determine Hi{Il{d)). 
For this purpose, we consider the following exact sequence 

Z = Hi{C*) HiiV^ \D)^ Hi{¥{d) \D)^0 

induced by a part of the homotopy exact sequence of the principal C* bundle \ D 
F{d) \ D. We have Hi{V'^ \ D) = Z (see [ejChapter 4, Corollary (1.4)). Let 7 be the 
generator of Hi{C*) represented by the loop 7(t) = e^'^^^^, < t < 1. By Proposition 14.61 
we see that the image of 7, which is represented by the loop t t-^ gS^v^t . jg _ ]^^2 
times a generator of Hi^V^ \ D). On the other hand the loop 




, < t < 1 



in GL{3; C), representing 3 times a generator of Hi{GL{3; C)) = Z, is mapped to the loop 
t ^— (e^'^v^t^-fi . Iqj \ Hence in the commutative diagram 

Z = Hi{GL{3; C)) — H.iV' \ D) 

" _ " 

Z/3Z = Hi{PGL{3)f-^^Hi{F{d)\D) 

we have A,(l) = ±d{d - if e Z = HiiV^ \ D) so we can conclude A,(l mod 3) = 
±d{d — 1)^ mod 3{d — 1)^. This completes the proof of Theorem 14. 2[ 



5 The value of the Meyer function 

By Proposition 14.61 we have H^{iTi{F{d) \-D); Q) = 0. Therefore (j)'^ := 4''^ox2 is the unique 
1-cochain of TCi{F{d) \ D) satisfying (p o X2)*Tg = S(f)'^. In this section we will compute the 
value of (j)'^ on a special element in 7Ci{F{d) \ D) so called lasso. 
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We first explain what a lasso is. Let M be a connected complex manifold of dimension 
m and an irreducible hypersurface of M. Then the inclusion M \ N ^ M induces the 
following exact sequence: 

1 ^< cr >^ 7ri(M \ A^) ^ 7ri(M) ^ 1. 

Here < a > denotes the normal closure of an element a of tti{M \ N), which is described 
in the following. Let p be a non-singular point of and {zi, . . . , Zm) a local coordinate 
system of M around p such that N is defined by 2:1 = 0. For a sufficiently small e > 0, 
consider a loop defined in this coordinate system by 

[0,1] ^M\N, (ee^"^*, 0, . . . , 0) 

based at g = (e, 0, . . . , 0). Joining this loop with a path from the base point of M \ to 
q, we get an element a of 7ri(M \ A^). Since A^ is irreducible, the conjugacy class of a in 
TTi (M \ A^) is independent of choices of p and a local coordinate system. Each element of 
this conjugacy class is called a lasso around A^. 

Returning to 7ri(P((i) \D), D is an irreducible hypersurface of F{d). Let cr'^ G 7ri(P(ci) \ 
D) be a lasso around D. Since (j)'^ is a class function (see Lemma [HT^ in Appendix), the 
values of (j)'^ on the conjugacy class of cr'^ is constant. 

Proposition 5.1. Ford > 3, 

Proof. Choose aP and Q E U as in Lemma 14.51 In the proof of Proposition 14.61 we see 
that Q meets D transversely in 3((i — 1)^ points. Let Qr\D = {gi, . . . , ^3(^-1)2} and let Di 
{i = 1, . . . , 3{d — 1)^) be a small closed 2-disk in Q such that qi G IntDi and Di r\ Dj = ^ 
for i 7^ j. We fix a base point of Qq := Q \ U^i'i"^'' IntDj and for each i = 1, . . . , 3((i — 1)^, 
choose a based loop ai in Qq such that ai is free homotopic to the loop traveling once 
the boundary dDi by counter clockwise manner. Note that regarded as an element in 
7ri(P((i) \ D), (Tj is a lasso around D hence we have 4>'^{o'i) = 0'^(cr'^). 

Let g: M ^ Q he as in the proof of Proposition 14.61 and set Mq := g~^{Qo) and 
Mi := g-^{Di),i = 1, . . . ,3(rf - 1)^ By Meyer's signature formula ([ElSatz 1) and the 
equation (p o X2)*Tg = 6(j)'^, we obtain 

3(d-l)2 

Sign(Mo)= Yl ^'{^^)=Hd-lf^\a'). 

i=l 

Since the topological type of g~^{qi) is Lefschetz singular fiber of type I, we have Sign(Mj) = 
0. We compute by the Novikov additivity and Lemma [4.51 

3(d-l)2 

1 - rf2 = Sign(M) = Sign(Mo) + ^ Sign{Mi) = 3{d - l)'^^\a'^). 

i=l 

This completes the proof. □ 



12 



In the rest of this section we consider the remaining case d = 2. Since V'^ is the set of 
quadratic forms each element of V"^ can be expressed by a 3 x 3 symmetric matrix S. In 
this view point V'^\D is the space of non-singular symmetric matrices and the action of 
G'L(3; C) onV'^\D is given by 

A-S='A-^ -S- A-\ A e GL(3; C). 

Since this action is transitive and the isotropy group of the unit matrix is the complex 
orthogonal group 03(C) = {A e GL(3; C) ; *A- A^ /}, we have 

l^2\5^G'L(3;C)/03(C). 

Also we have 

V{2)\D = PGL{3)/S03iC), 

where S 03(C) = {A G 03(C) ; dctA = 1} is regarded as a subgroup of PGL{3) by the 
injection S'03(C) ^ PGL{3) induced by the projection GL(3;C) —>■ PGL{3). Therefore, 
we obtain 

(P(2) \ L>)PGL(3) = EPGLi3)xpGLi3)m\D) 

^ EPGL{3)/SO^{C)^BSO^{C)^BSO^. 

The last homotopy equivalence holds because the natural inclusion 5*03 ^ 5*03 (C) is 
homotopy equivalence. In particular, we have 

n(2) ^ 7ri(B503) = 1. 



6 The universal property of (P((i) \ D)pgl{3) 

In this section we will show the universal property of the space (P((i) \ D)pgl{z)- In the 
latter part of the section, we consider the case d — A more detail; in particular, we prove 
that p: n(4) — > is surjective. 

We first make some definitions. Let l: X ^ P he a continuous map and h: P ^ B 
a bundle whose structure group is PGL{3). We call ^ = {X, i, P, h, B) a family of 
non-singular plane curves of degree d if 

1. p := h o l: X B is a continuous family of compact Riemann surfaces of genus 
g = l(^d-l){d-2), and 

2. for each b E B, the restriction : — > Pb is a holomorphic embedding where 
Xb^p-\b) and Pb = h-\b). 

For each b E B, the image l{Xi,) C = P^ is a non-singular plane curve of degree d. Two 
such families = (X*, Li, P*. hi, B),i = 0,1, arc called isotopic if there exists a family of 
non-singular curves of degree d over B x [0, 1], denoted by = {X, I, P,h, B x [0, 1]), such 
that for i = 0,1, the restriction of ^ to P x {i} is isomorphic to ^i, i.e., for i = 0,1, there 
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exists a homeomorphism P* P\Bx{i} and ipi'. X\Bx{i} such that the diagram 

X^ ^ X\Bx{i} 



P'—^P\Bx{i} 
hi h 

B ^B X {i}, 

where the last horizontal arrow is the homeomorphism B ^ B x {i} given by 6 i-^ ib,i), 
commutes and \E'j (resp. ipi) maps each fiber P^* (resp. XI) onto h~^{b,i) (resp. (/i o 
i)) biholomorphically. 

For a given space B, we denote by VCd{B) the set of all isotopy classes of families 
of non-singular plane curves of degree d over B. VCd{*) is contravariant; for a given 
continuous map /: B' ^ B we have a natural map VCd{B) VCd{B') which assigns the 
isotopy class of ^ the isotopy class of the pull back of ^ by /, which will be denoted by f*^. 
In fact, the isotopy class of f*C, is uniquely determined by the homotopy class [/] G [B' , B]. 

Among such families of non-singular plane curves of degree d, there is a universal one. 
Consider the inclusion map ^ ^ (P(d) \ D) x and the first projection (P(d) \ D) x P^ ^ 
F{d) \ D. For simplicity, we write Y instead of (P((i) \ D) x P^. Since these maps are 
PGL(3)-equivariant, we obtain 

and 

PGL(3)- 

The map Pu '■— hu o is the same as the map defined in section 1 and 

{y-'PGL(3),l^u, YpGL(3), hu, (P(c?) \ D)pGL{3)) 

is a family of non-singular plane curves of degree d. The next theorem says that (P((i) \ 
D)pGL{3) is the classifying space for the functor VCd{*) and ^„ is the universal family. 

Theorem 6.1. For any space B, the map 

rj: [B,{¥{d)\D)pGLi3)]^VCd{B) 

which assigns the homotopy class of f : B ^ (P(c^) \ D)pgl{3) the isotopy class of the pull 
hack f*iu, is bijective. 

In the following we shall construct the inverse of r]. 

Let ^ = (X, L, P, h, B) be given. We divide the argument in three steps. 
Step 1. We first consider the case when P is trivial: suppose that P = P x P^. Then for 
each 6 e P, i{Xij) C {6} x P^ = P^ is a non-singular plane curve of degree d, so the defining 
equation of i{X^) in P^ is uniquely determined as an element of P(d) \ D. Denoting it by 
Eq{h), we obtain a map 

Eq: B F{d)\D. 
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Lemma 6.2. The map Eq is continuous. 

Proof. Regard as the set of all complex lines through the origin in C^. Then the 
holomorphic line bundle 0{d) over is given by 

0{d) = Oilf^ = U }iom{i,Cf^. 

Let p2 : -B xP^ ^ P^ be the second projection and consider the pull back L := {p20L)*0{d). 
L — > X is a continuous family over B of holomorphic vector bundles. Now iJ°(P^; 0{d)) 
is canonically isomorphic to and for each b & B there is the natural homomorphism 

a,: - H\F';0{d)) ^ {L{X,y,0{d)l^x,)) = H\X,;L,), 

where is the restriction of L to X^. Combining all ab,b & B together, we obtain a 
homomorphism of vector bundles 

a-.BxV"^ [jH%X,;L,). 

We see that for each b & B, ab is surjective and its kernel is 1-dimensional generated by 
the defining equation of i.e., Eq{b) = kercife. This shows that Eq is continuous. □ 

We also define a PGI/(3)-equivariant continuous map "if : B x PGL{3) —>■ F{d) \D by 

■^{b,g)^g-Eq{b). 

Here we regard B x PGL{3) as the trivial principal PGL{3) bundle with left PGL{3) 
action. 

Step 2. We next consider the general case ^ = {X,i,P,h,B). Let {Ui}i^i be an open 
covering of B trivializing h: P B: There is an isomorphism ipi: h~^{Ui) — > f/^ x P^ for 
each i and a system of transition functions Qij-. UiHUj PGL{3) for each (i, j) satisfying 
t/i n t/j 7^ 0, such that 

{^i o (^7')(6,p) = (6, Qijib) -p), beUiHUj, pe P". 

As in step 1, we have a continuous map Eq'^: Ui — >■ F{d) \ D and a PGL(3)-equivariant 
map C/i x PGL(3) ¥{d) \ D for each i. Let Q{^) be a principal PGL{3) bundle 
over B associated to h: P — > B: namely Q{^) is constructed from the disjoint union 
Ui&iUi X PGL{3) by identifying {b,g) e Ui x PGL{3) with {b,g- gij{b)) e Uj x PGL{3) 
where b e UidUj. We have gij{b) ■ Eq^{b) = Eq''{b) for 6 G f/j fl Uj because g-Ca = Cg.a for 
g e PGL{3), a G F{d) \ D. Therefore piecing all i e I together, we obtain a PGL{3) 
equivariant map ^ : Q{^) ¥{d) \ D and a continuous map 

*PGL(3) : Q{i)pGm (P(c?) \ D)pGL{zy 

Note that Q{C) ^'^'^ ^ ^'^^ determined up to isomorphism over B. 
Step 3. The natural map 

T: g(0pGL(3) = EPGL{3) Xpgl(3) Q{0 ^ PGL{3)\Q{0 = B 
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is a homotopy equivalence because this is an EPGL{3) bundle. Taking a homotopy inverse 
map (: B Q{0pgl(3) of T, we set 

■■= [^PGL(3)oC]. 

Here [^] denotes the element of VCd{B) represented by ^ and [\E'pgl(3) ° C] denotes the 
element of [B, (P((i) \ D)pgl{S)\ represented by ^pcLCi) ° C- It is easy to see that 

PGL(3)J 

is well defined. 

Before starting the proof of Theorem 16.11 we describe the above construction applied 
to the family In the below, e G EPGL{3), g,he PGL{3) and a G P(rf) \ D. We can 
write 

QiCu) = am \ D) X PGL(3))p^^(3) (4) 
where the action of PGL{3) on (P(rf) \D) x PGL{3) is diagonal, i.e., 

g ■ {a,h) = {g ■ a,g ■ h), 
and the left action of PGL{3) on the right hand side of (jlj) is given by 

g ■ [e, (a, /i)] = [e, (a, /i ■ ^f"^)]. 
The PG'L(3)-equivariant map \E'„: Q{iu) P('^) \ D defined as in step 2 is given by 

^«([e, {,a,g)]) = g'^ ■ a, 
and moreover, the induced map Q{^u)pgl{3) \ D)pgl{3) has a section s„ given by 

s„([e,a]) = [e, [e, (a, 1)]]. 

Proof of Theorem \6.1[ We first prove rj o 9 = idpc^iB)- Let ^ = {X, t, P, h, B) be given. 
By construction, there is the canonical isomorphism T*^ ^pgl(3)^" families of non- 
singular plane curves of degree d over Q(0pgl(3)- Thus we have 

(^PGL(3) o C)*e« = C^amCa = CT*^ = (T o CYC 

Since T o is homotopic to the identity map of E, this shows rj o 6 = id-pCd(B)- 

We next show 9 o rj = id[B,{¥(d)\D)pGL{3)]- Let f : B ^ i^{d) \ D)pgl{3) be a continuous 
map. 

Starting from the family f*^ and tracing the construction of 0, we construct the map 

^PGL(3) : Q{f*iu)pGm ^ W) \ D)pGLi3). 

Q{f*iu)pGL{3) is naturally isomorphic to the pull back of Q{iu)pGL{3) ^ {^{d) \ D)pgl{3) 
by /. Thus pulling back the section Su, we obtain a map (' := B Q{f*iu)pGL{3) 

such that T o C = zrf^ and ^E'pglcs) ° C = /• Then C is a homotopy inverse of T and 
^ ° ^([/]) = [^PGL(3) o C] = [/], SO we obtain 6 o rf = id[B,(¥(d)\D)pGLi3)]- ^ 
We call any representative of 0{[^]) the classifying map for the family ^. 
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For d = A, we don't have to consider bundles. Recall that a non-hyperelliptic 
Riemann surface C of genus 3 can be realized as a non-singular plane curve of degree 4 
(=plane quartic) by the canonical embedding. This means that the canonical map 

ic:C^F{H%C;Kcr) 

where i/°(C; Kc) is the space of holomorphic 1-forms on C, is an embedding and if we 
identify fIh^{C;KcY) with by a choice of a basis of H°{C;Kc), the image of C is 
a non-singular plane curve of degree 4. The defining equation of the image is uniquely 
determined as an element of P(4) \ D. 

Let p: X —>■ B he a. continuous family of compact Riemann surfaces of genus 3. We call 
it a non-hyperelliptic family of genus 3 if the complex structure of each fiber (6), b E B is 
non-hyperelliptic. Two such families Pi: Xi B {i = 0, 1) are called isotopic if there exists 
a non-hyperelliptic family of genus 3 over B x [0, 1] such that for z = 0, 1, its restriction 
to B X {i} is isomorphic to Pi'. Xi B as continuous family of Riemann surfaces over 
B = Bx {i}. 

For a given space B, we denote by AfHsi^B) the set of all isotopy classes of non- 
hyperelliptic families of genus 3 over B. Then the forgetful functor 

VC^i*) ^ Afn^i*) (5) 

defined by an obvious manner, is bijective. For, let p: X — > i? be a given non-hyperelliptic 
family of genus 3. Set := Ubes H^{p~^{b)] Kf,), where H^{p~^{b); Kh) denotes the space 
of holomorphic 1-forms on p~^{b). This has the structure of complex vector bundle over 
B. Project ivising the dual of A^, we obtain a P^ bundle 

h': P' =[jFiH%p-\by,K,y) ^ B, 

and piecing the fiberwise canonical maps lx^, b E B together, we get a map l: X —>■ P' . 
Then we obtain an element ^ = (X, t, P', /i', B) G PCi{»). This correspondence gives the 
inverse of ([5]). 

We continue the consideration of the case = 4. We next prove that: 

Proposition 6.3. The homomorphism p: 11(4) is surjective. 

Combining this with Theorem WA\ which implies that p* : H'^iTs, Q) if^(n(4); Q) is 
not injective, we see that the order of the kernel of p is infinite. 

Proof of Proposition 1 6. 3[ Let % be the Teichm tiller space of compact Riemann surfaces of 
genus 3 and the hyperelliptic locus of T^; namely the set of marked Riemann surfaces 
whose complex structure is hyperelliptic. is a complex analytic closed submanifold of 
codimension 1 with infinitely many components (see [Hjp. 259-260). In particular, Ts \ i^a 
is path connected. 

We recall; there is a holomorphic family vr: V3 — * 7^ called the universal Teichmiiller 
curve, whose fiber over the marked Riemann surface [/, C] is isomorphic to C; the mapping 
class group acts on 7^ and V3, and n is equivariant with respect to these actions; it is 
well known that the quotient space r3\73 is the Riemann moduli space. Since the action 
of Fa on % preserves H3, F3 also acts on 73 \ and its inverse image by vr. Restricting vr 
to 73 \ i/a and taking the Borel construction, we obtain a non-hyperelliptic family of genus 
3 over {% \ i/3)r3- 
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It is not difficult to see that this family also have the universal property which the 
family pu over (P(4) \ D)pcl{3) has. Therefore, {% \ Hs)]-^ is homotopy equivalent to 
(P(4) \ D)pGL{3) hence its fundamental group is isomorphic to 11(4). 

By the homotopy exact sequence of the % \ bundle {% \ -ff3)r3 BT3 = -^'(rs, 1) 
we obtain an exact sequence 

n(4) = 7ri((T3 \ H3)rs) ^ 7,,{Br,) = r,^ 7ro(T3 \ H,). 

We notice that the homomorphism p' just coincides with the topological monodromy 
over (T3 \ H3)r3, and noils \ H3) is one point. This shows p' is surjective, so p is. □ 

7 Local signature for 4-dimensional 
non-hyperelliptic fibration of genus 3 

As an application, we will define the local signature for the set of all fiber germs of 4- 
dimensional fiber spaces whose general fibers are non-hyperelliptic Riemann surfaces of 
genus 3, using the Meyer function 0"^. This local signature is used to derive a signature 
formula for a class of 4-dimensional fiber spaces, whose general fibers are non-hyperelliptic 
Riemann surfaces of genus 3. 

Let A be a closed oriented 2-disk and p its center. A 4-tuple = (E, vr, A,p) is called 
a fiber germ of non-hyperelliptic family of genus 3 if 

1. E is a manifold of dimension 4 and it: E ^ A is a. C°° map, 

2. the restriction of vr to A \ {p} is a non-hyperelliptic family of genus 3. 

Note that E has the natural orientation and compact, hence its signature Sign(£^) is defined. 
Two such germs [E, vr, A,p) and [E', tt', A',p') are called equivalent if there exist a smaller 
disk Aq C A (resp. Aq C A') whose center is p (resp. p'), and there exist orientation 
preserving diffeomorphisms ip: (Ao,p) — * {Aq,p') and cp: vr" -^(Ao) vr'-i(A'o) such that 
(f o n = 7i' o ip and 

^U-(Ao\M) : ^"'(Ao \ M) - vr'-i(A'o \ {p'}) 

maps each fiber biholomorphically. 

Let MTC3 denote the set of all equivalence classes of such 4-tuples. We denote the 
element of MH3 also by = {E,tt, A,p). For = (E,7i,A,p) G NTi^, 7 denotes the 
element of 7ri(A \ {p}) traveling once the boundary OA by counter clockwise manner. We 
denote by J^^ the restriction of tt : ^ A to A \ {p}. JF*' is a non-hyperelliptic family of 
genus 3 and can be considered as an element of VCi{A \ {p}) in view of ([5]). 

Definition 7.1. Define loc.sig®: MTis ^ Q by 

loc.sigS(^) := 04(^(.F°),(7)) + Sign(E). 

Here, 6'(JF°)^ is the homomorphism from 7ri(A\ {p}) to n(4) induced by the classifying 
map 6'(JF°) for JF°. It is assumed that suitable base points of A \ {p} and (P(4) \ D)pgl(3) 
are chosen. Since 0^ is a class function, we don't have to care about base point so we omit 
it. 

We call a triple [E, vr, B) a 4-dimensional non-hyperelliptic fibration of genus 3 if 
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1. E (resp. B) is a closed oriented C°^-manifold of dimension 4 (resp. 2) and tt: E B 
is a C°^-map, 

2. there exist finitely many points G -B such that the restriction of vr to 
B \ {bi, . . . , 6„} is a non-hyperelliptic family of genus 3. 

For i = 1, . . . ,n, we obtain an element of N'Ti.^ by restricting vr to a small closed disk 
neighborhood of 6j. we denote it by jFj. Then, we obtain 

Theorem 7.2 (The signature formula). Let {E,tt,B) be a 4-dimensional non-hyperelliptic 
fibration of genus 3. Then 

n 

Sign(E) = J]loc.sig2(J-,). 

i=l 

Proof. For i = 1, . . . ,n, take a small closed 2-disk Di around bi so that they don't intersect 
each other. Then jFj = (7r~^(Dj), vr, Di, bi). We denote by the restriction of tt to Di\{bi} 
and set Bq := B\ IJf^^ IntDj. By Meyer's signature formula, we get 

n 

Sign{n-\B,)) = Y,<P\Oi^^Ul))- 

1=1 

Using the Novikov additivity, we compute 

n 

Sign(E) = Sign(7r-i(i?o)) + J]Sign(7r-i(A)) 

i=l 

n n 

i=l i=l 

n 

= ^loc.sig®(J^i). 

i=l 

□ 

Corollary 7.3. Let g: E ^ B be a non-hyperelliptic family of genus 3 over a closed 
oriented surface B. Then Sign(£') = 0. 

We compute some examples. Comparing the following computations with those in [2] 
and [15J, we see that their values coincide. 

Singular fiber of type I. Let A C P(4) be a closed 2-disk intersecting with D only in its 
center p G A transversely. Let ttj : Ej ^ A he the restriction of — > P(4) to A. Then Ej 
is smooth by Lemma [23] and JFj = {Ej, ttj, A,p) is a fiber germ of non-hyperelliptic family 
of genus 3. By Lemma [2731 the topological type of TcY^{p) is Lefschetz singular fiber of type 
I, therefore we also call JF/ g ATT^s a singular fiber germ of type L The signature of Ej is 
and by definition, the inclusion A \ {p} ^ P(4) \ D --^ (IP(4) \ D)pgl{3) is the classifying 
map for J^j and the boundary of A is a lasso about D. Therefore, by Proposition 15. we 
have 
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Proposition 7.4. 



loc.sig^(J'/) = 



Hyperelliptic fiber. Let F E V'^\ {0} be a polynomial such that Cp intersects with the 
non-singular conic C : yz — x"^ = in 8 points, and let A be a small closed 2-disk around 
e C with the complex coordinate s. Let Sp be the hypersurface in A x defined by 
the equation 

{yz - x^f + s^F{x, y, z) = 0. 

Sp is singular along C = {0} x C. Blowing up A x along C, let Sp be the proper 
transform of Sp find n: Sp A the composition of Sp Sp and the first projection 
Sp A. Then Sp is non-singular and the exceptional divisor 7r^^(0) is a non-singular 
hyperelliptic curve of genus 3 with a natural projection onto C" = P^, which is a double 
cover. 

Choose A small enough so that the singular fiber of vr is 7r~^(0) only. Set J-'h = 
{Sp, TT, A, 0) and call this fiber germ a hyperelliptic germ. Let ih be the corresponding loop 
in P(4) \ D defined by 

4(t) = {yz - x' f + {ee^-^^'fF{x, < t < 1, 
where e is the radius of A. 
Proposition 7.5. 

loc.sigS(^,)=04([4]) = 4_ 

Proof. We first note that loc.sig^(J?7j) = since a hyperelliptic germ is topologically 

trivial. 

The set W of all polynomials in such that the corresponding curve intersects with 
C in 8 points is a non-empty Zariski open subset of V^. Since and Sign(S'i7') does not 
change under any small perturbation of F in V^, it suffices to show the proposition for a 
particular element of W . But by the same reason as in Lemma 14. 4[ there is actually an 
element F eW such that the map 

Pi ^P(4), [wo: wi]y-^wl{yz-x^f + wlF{x,y,z), 

does not meet E and is transverse to D, except at [w^: Wi\ = [1: 0]. Then for this choice 
of F, the complex surface S" in P^ x P^ defined by the equation 

wl{yz - x'^y + wlF{x, y, z) = 0, 

has singularities only along the conic {[1: 0]} x C. After blowing up P^ x P^ along this 
conic, we obtain the proper transform 5* of S. By the choice of F, S is non-singular. The 
composition of 5* ^ S* and the first projection S* ^ P^ is a family of algebraic curves whose 
all singular fiber germs are singular fiber germ of type I except the fiber germ around [1 : 0] , 
and the fiber germ around [1 : 0] is a hyperelliptic germ. The invariants of S are computed 
as: 4{S) = -6, C2{S) = 18, and Sign(5) = -14. 
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Now the number of singular fiber germs of type I is equal to the total Euler contribution 

18-2(2-2-3) = 26. 

Note that a hyperelliptic germ, which is topologically trivial, does not contribute to the 
Euler number. By Theorem 17.21 and Proposition 17.41 we have 

-14 = X 26 + loc.sig2(^;,), 
hence \oc.sig^{J-'h) = |. □ 



Singular fiber of type II. Let A be as in the previous example, and let 5* be the surface 
in A X defined by 

z^x + y'^x^ + + s^x^ = 0. 

5* has an isolated singularity at = (0, [1 : : 0]) so called a singularity of type Eg. The 
inverse image C2 of G A by the first projection : 5 ^ A is a curve of geometric genus 
2 with one cirsp singularity. 

Let w : S ^ S he the minimal resolution of the singularity of 5* at po- Then the 
exceptional curve is a non-singular elliptic curve Ci with self intersection number —1. If A 
is small enough, J^u = {S,pi o vj, A, 0) is a fiber germ of non-hyperelliptic family of genus 
3. The topological type of the singular fiber (pi o zu)^^{0) is obtained by the disjoint union 
of Ci and C2 by identifying a point of Ci with the cusp singularity of C2, that is, Lefschetz 
singular fiber of type II. We call J-'u a singular fiber germ of type II. 

Let ill be the corresponding loop in P(4) \D defined by 

in{t) = z^x + y'x^ + + [ee^''^'fx\ < t < 1. 

Proposition 7.6. 

loc.sig2(^,,) = i, -^\\tu\) = ^. 

Proof. In this case (f)'^{[iii]) = loc.sig^ {^11) + 1 because the intersection form of S is given 

by ^ ^ ) hence Sign(S') = —1. 

We perturb S slightly by adding a higher term about s; consider the surface in A x 
defined by 

z^x + y V + y^ + sV + s"'F(x, y, z) = 0, 

where m is an integer > 7 and F is a polynomial in V^. The singularity of this surface 
remains at the origin and is still of type Eg. Taking the minimal resolution of this singularity 
and taking A to be smaller if needed, we obtain a new fiber germ J-'jj and a new loop i'jj 
in P(4) \ D. This perturbation does not infiuence the value of 0^ and the topology of the 
fiber neighborhood of the singular fiber. So it suffices to compute loc.sig^(jF^j). 
Let S' be the complex surface in P^ x P^ defined by the equation 

w^iz^x + y^x^ + y^) + w'^-^wlx^ + w'^Fix, y, z) = 0, 

and let S' S' be the minimal resolution of the singularity of S" at = ([1 • 0], [1 : : 0]). 
If a generic F is chosen, then S' is non-singular and the singular fiber germs of the family 
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of algebraic curves S' S' are all of type I except the fiber germ around [1 : 0] , 

and the fiber germ around [1: 0] is J^jj. The invariants of S' are computed as: c1{S') = 
9m - 17, C2{S') = 27m - 19, and Sign(5') = -15m + 7. 

Now the number of singular fiber germs of type I is equal to 

27m - 19 - 2(2 - 2 ■ 3) - 1 = 27m - 12. 

This time, the fiber over [1 : 0] do contribute to the Euler number. 
By the signature formula, 

-15m + 7 = X (27m - 12) + loc.sig^ (J^jj). 
9 

Thus we obtain \oc.sig^{J-'ii) = loc.sig®(JF^j) = |. □ 

8 Appendix 

In this appendix we give a definition of Meyer's signature cocycle in the form used in the 
present paper and review its properties. For details, see W. Meyer's original paper |12j . 

We first explain the topological monodromy of surface bundles. Let ir: E ^ B he 
an oriented bundle whose structure group is the group of all orientation preserving 

diffeomorphisms of S^. Choose a base point bo & B and fix an identification 0: ^ 
TT-\bo). For each based loop i: [0, 1] ^ 5 the pull back t{E) ^ [0, 1] of vr: E 5 by £ 
is trivial. Hence there exist a trivialization $ : x [0, 1] £*{E) such that $(x, 0) = 0(x). 
By assigning the isotopy class of $(x, 1)~^ o to the homotopy class of i, we obtain a map 
X'- 7ri(S,6o) = — > Fg. This map becomes a homomorphism under the conventions; 
1) for any two mapping classes /i and /2, the multiplication fi o /2 means that /2 is 
applied first, 2) for any two homotopy classes of based loops ii and £2, their product ii ■ £2 
means that ii is traversed first, x is called the topological monodromy ofTT:E—>-B and 
determined up to inner automorphisms of F^. 

Let P denote the pair of pants, i.e., P = S"^ \ ULi IntDj where Di, i = 1,2, and 3 are 
the three disjoint closed disks in the 2-sphere S'^. Choose a base point po G IntP and fix a 
based loop £1 and £2 such that £i is free homotopic to the loop traveling once the boundary 
dDi by counter clockwise manner {i = 1,2). For (/i,/2) G Fg x Tg, we can construct an 
oriented T,g bundle E{fi, /2) over P such that the topological monodromy x- ^i(-P) ~^ 
sends [£i] to fi for i = 1,2. (If g > 2, the isomorphism class of this bundle is unique.) 
E{fi, /2) is a compact C°^-manifold of dimension 4 and has the natural orientation induced 
by the orientation of P and that of the fibers. Then the signature of E{fi, /2) is defined 
and we set 

r,(/i,/2) :=-Sign(i?(A,/2)). 

This turns out to be well defined even when g = 1, and : F^ x F^ Z is called Meyer's 
signature cocycle. The basic properties of Tg are 

(1) r,(/i/2, fs) + Tgif,, f2) = Tg{h, f2h) + r,(/2, h); 

(2) r,(/i,l) = r,(l,A)=r,(/i,/r^) = 0; 

(3) r,(/r\/2-^) = -r,(A,/2); 

(4) r,(/i,/2)=r,(/2,/i); 
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{5)T,{fshU\M2fs')=Tg{h,f2), 

where /i, /2, and /s are elements of Tg. 

For an oriented bundle it: E ^ B and a choice of base point 60 of B, we obtain 
a 2-cocycle x*T9 of ^i(-S) = 7ri(i?,6o) by pulling back Tg by the topological monodromy 
X- ^ Fc,. Although x is determined only up to conjugacy, x*'^g is uniquely deter- 

mined by the property (5) of Tg above. Moreover, x*'^g does not depend on the choice 
of base point of B in the following sense: suppose 6q G B and bo are in the same path 
component of B then under any isomorphism 7ri{B,bo) = TTi{B,bo) using a path from bo 
to b'o, two cocycles of ■ni{B,bo) and -Ki{B,b'o) defined as the pull back of Tg by topological 
monodromies, correspond to each other. 

Let G be a group and (p : G ^Tg & homomorphism. 

Definition 8.1. A Q-valued 1-cochain (p: G ^ Q is called a Meyer function with respect 
to the pull back f*Tg of Tg by (f if it satisfies 6(j) = f*Tg, i-^-, <P cobounds the 2-cocycle f*Tg. 

If a Meyer function exists on G, the cohomology class v^*[Tg] G iJ^(G;Z) is torsion. 
The following properties of are easily derived by the above properties of Tg (see also [H 
Proposition 3.1]). 

Lemma 8.2. If cf) is a Meyer function with respect to if*Tg, we have 

(1) (f){xy) = (j){x) + (f){y) - ^*Tg{x, y); 

(2) 0(1) = 0; 

(3) 0(x-i) = -0(a;); 

(4) (j){yxy-^) = 0(x), 
where x,y E G. 
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